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A scaling-based, data-driven empirical model was developed for robust predictions of the diurnal cycle of
stream dissolved oxygen (DO) by utilizing a single reference observation as the scaling parameter. The
scaling concept was investigated by predicting hourly DO time-series of May to August from different
streams representing four distinct US EPA Level III Ecoregions of Minnesota. Absence of any clear
temporal trends or site-specific groupings of model parameters suggested a useful generalization and
robustness of the scaled, dimensionless DO model over time and space. DO predicted using seasonal
(May–August) averages of site-specific parameters simulated the observed diurnal DO cycles with high
accuracy (root-mean-square error based coefficient of variation, CV(RMSE) = 0.07–0.11), superior linear
correspondence (correlation coefficient, r = 0.87–0.96), and acceptable efficiency (Nash–Sutcliffe Effi-
ciency, NSE = 0.58–0.74); the high accuracy predictions of hourly DO for different days with a single
set of dimensionless parameters for the entire season underscore the temporal robustness of the scaled
DO model. Nearly equivalent predictions were obtained using monthly averages of parameters, reaffirm-
ing the temporal robustness of the dimensionless model. Impressive predictions using parameters of
independent sites, as well as a set of spatially averaged (i.e., quasi-regional) seasonal parameters, dem-
onstrated spatiotemporally robust model performance. Model robustness was further demonstrated by
deriving and quantifying analytical, dynamic sensitivity and uncertainty measures. The research is an
example of useful scaling applications in ecohydrological engineering. The relatively robust, empirical
DO model can be applied for simulating continuous (e.g., hourly) DO time-series from a single observa-
tion (or a set of limited observations) at different stream sites of comparable watershed sizes. The method
can also be used to fill-in missing data in observed sub-daily time-series of periodic water quality vari-
ables. High resolution, continuous DO time-series will facilitate a dynamic assessment of the general
health of streams and river ecosystems.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

Dissolved oxygen (DO) is a key determinant of water quality
and an indicator of the general health of aquatic ecosystems. Nat-
ural processes (e.g., photosynthesis and respiration, atmospheric
diffusion and reaeration) and regular anthropogenic interventions
(e.g., pollution) generally result in a sharp diurnal cycle of DO in
streams and rivers. Subject to the variations in hydro-climatic
and biogeochemical drivers (e.g., stream flow, photosynthetically
active radiation, land use, water temperature, nutrient availability,
and organic waste), the DO cycle tends to vary at different stream
sites or at the same site for different days. Lack of continuous DO
data monitoring often leads to collecting grab samples at coarse
spatial and temporal intervals, making the assessment of stream
health by regulatory criteria (such the total maximum daily load,
TMDL) arbitrary. A standard method is, therefore, necessary to gen-
erate fine-resolution, continuous DO concentration information
from a limited number of observations for a more appropriate
and dynamic assessment of the daily stream health. It is hypothe-
sized that scaling the different diurnal DO cycles by corresponding
single reference observations would lead to a general, dimension-
less diurnal DO cycle for the same stream, as well as for different
streams of comparable watershed sizes and geographic regions.
The hypothesis is tested by developing a data-driven, empirical
DO model to provide robust (in time and space) predictions of
hourly DO for small rivers and streams.

Much research has focused on the analysis and prediction of DO
in stream and river ecosystems. Dyar and Alhadeff (2005) used a
standard harmonic analysis procedure to develop an empirical
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model to predict the annual DO cycle by leveraging correlations
among daily DO, Julian day, latitude, and elevation of 31 Georgia
streams. Van Orden and Uchrin (1993) also reported success with
harmonic analysis to simulate the variability of DO deficit in
streams. Gallegos et al. (1977) applied the Fourier transform to
determine the short-term variation of aquatic oxygen exchanges.
Examples of empirical DO models without involving harmonic
analysis include Piasecki (2004), Rounds (2002), Adrian and
Alshawabkeh (1997), Butcher and Covington (1995), and Erdmann
(1979a,b).

Numerous mechanistic (i.e., process-based) models (e.g.,
QUAL2K (Chapra et al., 2008) and QUAL2E (Brown and Barnwell,
1987)) are available for simulation and prediction of river water
quality variables, including DO. Marsili-Libelli and Giusti (2008)
suggested relatively simple modeling as a feasible tool to describe
water quality in small rivers. More recent research (e.g., Freni et al.,
2010; Mannina and Viviani, 2010a,b; Mannina, 2010) used the con-
ceptual linear reservoir modeling approach and/or an extension of
the classical advection–dispersion equations (Chapra, 1997),
emphasizing different modeling aspects (such as data monitoring,
calibrations, and uncertainty analysis) and numerical schemes. Fol-
lowing varying levels of process complexity and model structure,
mechanistic models generally involve a large matrix of parameters
(making predictions highly uncertain) and require input data for
many input variables that are often unavailable at appropriate spa-
tiotemporal resolutions. In contrast, empirical models are data-dri-
ven and often less expensive because of their simple structures and
reduced parameter sets. However, a common limitation with both
empirical and mechanistic DO models is that the model parame-
ters are mostly site-specific and, therefore, a new calibration is
often needed for applications at a different site.

The concept of scaling has been touted as a key to develop
robust modeling and prediction tools in many science and
engineering disciplines. Examples of relevant scaling research can
include that in ecology (Milne et al., 2002; Ruddell and Kumar,
2009; Warnaars et al., 2007; Hondzo and Warnaars, 2008; West
et al., 2001), environmental engineering (O’Connor et al., 2006;
Hondzo et al., 2005; Stein et al., 2001), and hydrology (Lima and
Lall, 2010; Paola et al., 2006). Hondzo et al. (2005) derived a scaling
based power law model of DO to analyze dissolved oxygen
distribution at the sediment–water interface of a small lake.
Abdul-Aziz et al. (2007a,b) formulated an extended stochastic
harmonic analysis (ESHA) to develop scaling-based empirical and
semi-empirical DO models; the main objective of both models
was to convert DO measured at different clock times of the day
to those at a reference time.

This paper extends the previous research (Abdul-Aziz et al.,
2007a,b) to develop a scaling-based robust, empirical model for
simulating the diurnal cycle of stream DO from a single reference
observation. The key objective is to obtain robust predictions of
high frequency (e.g., hourly), continuous DO with an appropriately
scaled empirical model. The spatiotemporal robustness of the
model parameters and predictions are demonstrated using hourly
DO observations of different days and years for stream sites repre-
senting four distinct U.S. Environmental Protection Agency (US
EPA) Level III Ecoregions of Minnesota.
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Fig. 1. Schematic showing the conceptual framework for development and
application of the scaled model.
2. Materials and methods

2.1. Conceptual framework of scaling

The concept of DO scaling is demonstrated schematically by
assuming hypothetical diurnal cycles representing a single or
multiple stream sites (Fig. 1a). As shown, the magnitudes of the
DO cycle of different days (1,2, . . . ,N) are different. Therefore, a
potential classical harmonic model (Priestley, 1981) would require
a unique set of parameter values to represent each diurnal DO
cycle, resulting in N sets of parameters for N diurnal cycles. Based
on the common availability of reliable data, a reference-time ðtref Þ
single observation ðDOref Þ from each cycle can be selected as the
scaling parameter to normalize the corresponding diurnal cycle.
The scaling should ideally result in the collapse of DO cycles of
different days into a general, dimensionless diurnal DO curve
ðDO�Þ that has a value of unity (1.0) at the reference time for any
day (Fig. 1b). The scaled model is assumed to be robust, because
it represents the normalized DO cycles of any day and provides a
single set of parameter values for N days. The dimensionless model
is parameterized by applying an extended stochastic harmonic
analysis (ESHA) (Abdul-Aziz et al., 2007a) using observed data of
all available days. The predicted DO cycle of any day is then
obtained by multiplying the unique dimensionless model ðDO�Þ
by the corresponding reference observation ðDOref Þ.

The main advantage of ESHA over a classical harmonic analysis
(Priestley, 1981) is that ESHA provides the appropriate parameter
estimation framework for forcing the harmonic model through
the normalized, single reference-time observation (i.e., 1.0)
(Abdul-Aziz et al., 2007a). Therefore, ESHA exclusively allows the
proper representation of the entire diurnal cycle of DO for different
days at the same stream site (or at different sites) from the
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corresponding single reference observations. This is a uniquely
useful attribute of ESHA, because DO data of fine temporal resolu-
tions (e.g., hourly) are often available at only a few stream sites for
a short period, while a single grab sample per day is more com-
monly available for longer periods at many possible application
sites. ESHA utilizes the rarely available continuous observational
records to parameterize the general, dimensionless DO model
ðDO�Þ for obtaining entire cycles of other days or sites by leverag-
ing the corresponding grab samples.

2.2. Mathematical framework of ESHA

The development and detailed mathematical derivation of the
extended stochastic harmonic analysis (ESHA) was demonstrated
by Abdul-Aziz et al. (2007a). Here the mathematical framework
of ESHA is briefly described and compared to the classical har-
monic analysis. Priestley (1981) defined a classical stochastic Fou-
rier series yðtÞ as

yðtÞ ¼ a0 þ
XW
k¼1

½ak cosð2pfktÞ þ bk sinð2pfktÞ� þ eðtÞ ð1Þ

where yðtÞ is a periodic dependent variable (e.g., DO�), t is the inde-
pendent variable (e.g., time), ak and bk are the Fourier coefficients
that correspond to the harmonic number k (i.e., parameters associ-
ated with the oscillatory components of the Fourier series), a0 is the
non-oscillatory (k ¼ 0) model component, fk ¼ k

t0 ¼ k
nDt is the k-th

harmonic frequency, n is the total number of observations within
one process-period t0 (e.g., n = 24 for t0 ¼ 24 h of a diurnal cycle),
Dt is the sampling interval (e.g., 1 h), W is the appropriate maxi-
mum number of harmonics to avoid frequency aliasing, and eðtÞ is
a random error sequence. In classical harmonic analysis, all the
coefficients (a0, ak, and bk) are estimated directly through a least-
squares method by minimizing the sum of the squared errors
between the harmonic process hðtÞ ¼ yðtÞ � eðtÞ and observations
of yðtÞ. For ESHA, the harmonic process hðtÞ is required to pass
through a known value j (kappa), which is the observation at the
reference time (tref ), so that the corresponding modeling error of
eðtref Þ is zero, i.e., hðtref Þ ¼ yðtref Þ ¼ j. The non-oscillatory compo-
nent parameter of a0 is, therefore, defined from Eq. (1) as

a0 ¼ j�
XW
k¼1

½ak cosð2pfktref Þ þ bk sinð2pfktref Þ� ð2Þ

Following the least-squares error minimization procedure,
Abdul-Aziz et al. (2007a) developed a matrix–vector system of
equations to estimate ak and bk as

P ¼ Q�1R ð3Þ

where P is the parameter (i.e., âk; b̂k for k–0 with ‘hat’ representing
estimation) vector of length 2W , Q is a 2W � 2W non-singular tran-
sition matrix, and R is a vector of length 2W with terms associated
with the observations yðtÞ and the reference-time known point j.
The parameter â0 is finally obtained from Eq. (2).

Abdul-Aziz et al. (2007a) showed that an optimum number of
two harmonics (i.e., W ¼ 2) sufficiently represented the diurnal
cycles of DO in different streams and rivers located in four distinct
USEPA Level III Ecoregions of Minnesota. Since the hypothesis of
diurnal DO scaling and robust predictions is tested using the same
data sets, an explicit form of Eq. (3) for W ¼ 2 is given in the
Supplementary notes. Abdul-Aziz et al. (2007a) also demonstrated
the statistical properties of estimated parameters and model errors
(i.e., residuals) with ESHA. The parameters, as well as the residuals,
were approximately normally distributed. While a classical har-
monic analysis assumes homoscedasticity (i.e. constant variances)
in the model residuals, ESHA inherently allows the model error to
vary among different clock-times. This is consistent with the forc-
ing of a harmonic process through a known point to obtain zero
modeling error at the reference clock-time and is discussed further
in this paper.

2.3. Formulation of robust model

The model development requires continuous DO data of fine
temporal resolution (e.g., hourly) at least for one 24-hour day
(and preferably for many days) at a single or multiple sites. The
model application requires only a single DO observation at a refer-
ence clock-time of the day from the same or other possible appli-
cation sites. Selection of any hour between 10 A.M. and 1 P.M. as
the reference time generally results in lower modeling errors
(Abdul-Aziz et al., 2007a). Therefore, 12 P.M. (i.e., noon time) Central
Time Zone (CST) (which incorporates daylight saving time) was
chosen as the reference clock-time for this study. The scaling-
based robust DO model was formulated in two stages of ‘develop-
ment’ and ‘application’, as detailed in the following subsections:

2.3.1. Development

1. Collect continuous DO data, DOðtÞ, in frequent time (t) intervals
for 24-h cycles.

2. Choose a reference clock-time (tref ) to obtain the reference
observation for each diurnal cycle as: DOref ¼ DOðtref Þ.

3. Scale each cycle through normalizing the DO observations by
the corresponding reference value to obtain a dimensionless
cycle as: DO�ðtÞ ¼ DOðtÞ=DOref .

4. Use ESHA to fit the DO�ðtÞ cycles to obtain a general,
scaled model DO�mod by forcing the harmonic process through
the normalized reference-time observation of 1.0, i.e.,
hðtref Þ ¼ DO�ðtref Þ ¼ j ¼ 1.

Since up to two harmonics (i.e., W ¼ 2) were considered based
on the findings of Abdul-Aziz et al. (2007a), a total of five parame-
ters (â0, â1, â2, b̂1, and b̂2) were estimated using Eqs. (2) and (3).

2.3.2. Application
Upon parameterization of the unique dimensionless model of

DO�mod representing all days, the predicted individual diurnal cycles
(DOmod) at the same or a different site are obtained by multiplying
the dimensionless model by the corresponding single reference
observation as

DOmodðtÞ ¼ DOref � DO�modðtÞ ð4Þ
3. Study sites and data sets

Evaluation of the scaling concept and robustness of the empir-
ical DO model requires a prudent selection of study sites that
incorporates diversities, as well as similarities, among the contrast-
ing streams and rivers. However, long-term DO data of fine tempo-
ral resolution (e.g., hourly) are rarely available. On this backdrop,
four different stream sites were selected representing four distinct
Level III Ecoregions (areas of relative homogeneity in land use, soil,
topography, and natural vegetation) in Minnesota: (i) Upper Mis-
sissippi River from the Northern Lakes and Forests (NLF) ecoregion,
(ii) Swan River from the North Central Hardwood Forests (NCHF)
ecoregion, (iii) Little Cobb River from the Western Corn Belt Plains
(WCP) ecoregion, and (iv) Whitewater River from the Driftless Area
(DA) ecoregion (US EPA, 2006) (Table 1, Fig. 2). Hourly DO data for
different years during 2000–2005 were available from June to
August (i.e., summer) at Little Cobb River and from May to August
(i.e., late spring–summer) at the other three stations. The data sets



Fig. 2. Study area and geographic locations of the selected water quality stations (base map from US EPA (2006)).

Table 1
Summary of information for the water quality monitoring stations.

Station name Eco-region Latitude (�N) Longitude (�W) Drainage area (km2) Data period

Whitewater River DA 44.12 92.12 193 May to August, 2000
Upper Mississippi River NLF 47.34 95.22 216 May to August, 2002
Little Cobb River near Beauford WCP 43.98 95.22 337 June to August, 2005
Swan River near Flensburg NCHF 45.92 94.65 278 May to August, 2002

Notes: DA = Driftless Area; NLF = Northern Lakes and Forests; WCP = Western Cornbelt Plains; NCHF = North Central Hardwood Forest.

O.I. Abdul-Aziz, K.S. Ishtiaq / Journal of Hydrology 511 (2014) 648–657 651
were collected through personal communications in 2006 from the
U.S. Geological Survey, Minnesota Department of Agriculture, and
Minnesota Pollution Control Agency (see Acknowledgments). The
data sets, as well as the study area, were described in detail by
Abdul-Aziz et al. (2007a) and, therefore, only a brief overview is
given here. The relatively small watersheds (drainage area
<1000 km2) of all four sites indicate their similarity in physical size,
while their geographic locations in different ecoregions (one site



Table 2
Seasonal means of estimated model parameters, prediction accuracy (CV(RMSE)), fitting efficiency (NSE), and correlation coefficient (r) of predicted and observed DO
concentrations at different monitoring sites.

Station name â0 â1 â2 b̂1 b̂2
CV(RMSE) NSE r

Whitewater 0.912 (0.048) �0.099 (0.042) �0.011 (0.017) �0.088 (0.054) 0.031 (0.024) 0.08 0.74 0.87
Upper Mississippi 0.921 (0.045) �0.077 (0.043) 0.001 (0.015) �0.064 (0.054) 0.016 (0.019) 0.07 0.68 0.98
Little Cobb 1.007 (0.064) �0.012 (0.036) �0.019 (0.024) �0.129 (0.078) 0.026 (0.028) 0.07 0.58 0.91
Swan 0.971 (0.066) �0.049 (0.047) �0.020 (0.029) �0.199 (0.113) 0.035 (0.034) 0.11 0.63 0.96

Ensemble mean 0.953 �0.059 �0.012 �0.120 0.027

Notes: Values in parentheses are the standard deviations of the estimated parameters. Hat (^) sign represents fitted or estimated parameters of the Fourier series. CV(RMSE) is
the coefficient of variation obtained by normalizing the root-mean-square error by the mean of observations.
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from each distinct ecoregion) indicate the diversity in hydro-cli-
mate, land use, biogeochemistry, and ecology (Table 1).
4. Results

4.1. Spatiotemporal robustness of model parameters

Five dimensionless parameters (â0, â1, b̂1, â2, and b̂2) of the
scaled model (i.e., DO�mod) were estimated for each individual day
for each of the four stations using Eqs. (2) and (3). The temporal
ensemble parameters (i.e., seasonal values) were obtained by aver-
aging their daily estimates over the season (May–August) (Table 2).
Spatiotemporal ensemble parameters (i.e., a quasi-regional set of
seasonal values) were calculated by averaging the corresponding
seasonal means of the four sites. Among the various stations and
ecoregions, the constant term â0 varied within the narrow range
of 0.91 to 1.01, with a mean of 0.95 and a standard deviation
between 0.045 and 0.066. The first harmonic parameters of â1

and b̂1, respectively, varied from �0.099 to �0.012 and �0.199 to
�0.064. The second harmonic parameters of â2 ranged from
�0.020 to 0.001 and b̂2 from 0.016 to 0.035. The parameter â0

represents the non-oscillating part of the harmonic model, referring
to a quasi-average value of the diurnal cycle. Therefore, â0 is the
major component of the dimensionless DO model and the principal
parameter for an inter-day and/or inter-site comparison of model
attributes. The first harmonic parameters (â1, b̂1) inherently
account for primary oscillations (i.e., the main part of the oscilla-
tions of a diurnal DO cycle), while the second harmonic parameters
(â2, b̂2) incorporate the higher frequency, secondary oscillations.
The relatively narrow ranges of the major parameters, therefore,
indicate the spatiotemporal robustness of the dimensionless model
parameters and the predictions resulting there from.

The spatiotemporal patterns of model parameters were further
investigated by plotting the daily estimates of â0, â1, and b̂1 with
the corresponding simulation days (May to August) for all sites
(Fig. 3). The lines of 5th and 95th percentiles are also shown for
each parameter in order to examine the extent of dispersion
among different days and sites. The principal parameter, â0 did
not show any noticeable temporal trend at any station and col-
lapsed within a very narrow band when compared among the dif-
ferent stations. Among the first harmonic parameters, the daily
estimates of â1 collapsed within a narrow band, exhibiting a slight
seasonal trend. The estimates of b̂1 also showed a single cluster
among different stations although the Swan and Little Cobb rivers
showed weak decreasing trends. The decreasing temporal patterns
of the harmonic parameters refer to diurnal DO oscillations with
slightly reduced amplitudes (i.e., magnitudes) later in the season
likely due to slower biogeochemical activities at the end of sum-
mer-growing season.

Overall, the parameters of the dimensionless model stayed
within their respective narrow ranges of 5th to 95th percentiles
and were relatively robust in time and space, primarily due to
the normalization by the single reference observation for each
individual day and site as the scaling parameter. The remarkable
spatiotemporal robustness of the principal parameter (â0, the qua-
si-average value of the diurnal cycle) strongly suggests that hourly
model predictions using the seasonal aggregates of daily parameter
values will be relatively robust in time and space. The decreasing
trends of the harmonic parameters indicate that temporal aggrega-
tion of the daily parameter estimates at a smaller time-scale (e.g.,
monthly instead of seasonally) could result in more accurate and
consistent (i.e., reproducible) model predictions.
4.2. Temporal robustness of model predictions

4.2.1. Using seasonal parameter values
For examining the temporal robustness of predictions with the

dimensionless scaled model, the site-specific, seasonal ensemble
parameters were used to simulate hourly DO of different days from
the corresponding single reference observations for the entire
season (May–August). Model performance was evaluated by three
criteria (Table 2): (i) Root-mean-square error (RMSE) based coeffi-
cient of variation, CV(RMSE) (RMSE normalized by the mean of
observed DO for the corresponding site) to quantify model accuracy
(i.e., deviation of model predictions from observations); (ii) Pear-
son correlation coefficient (r) to compute the linear correspon-
dence between predictions and observations (±1.0 refers to
perfect correlation, zero indicates no correlation); and (iii) Nash–
Sutcliffe Efficiency (NSE) (Nash and Sutcliffe, 1970) to determine
the quality of model fit (NSE = 1.0 indicates a perfect fit, while
NSE > 0 indicates better fitting with the harmonic model than that
of the daily mean of hourly observations as an alternative model)
(see Supplemental notes for further details). Since hourly DO con-
centrations were simulated with seasonal ensemble values of
parameters (rather than actually fitting the seasonal cycles by min-
imizing errors between a seasonal model and observations), the
median of daily NSEs (as obtained from fitting hourly observations
for each diurnal cycle) over the season is reported to avoid biases
by any outliers. Among the four stations, CV(RMSE) ranged from
0.07 to 0.11 (i.e., high modeling accuracy), r ranged from 0.87 to
0.98 (superior linear correspondence between the coincident pre-
dictions and observations), and median NSE ranged from 0.58 to
0.74 (acceptable model efficiency) (Table 2). These results are con-
sistent with a visual perception of the modeling performance
(Fig. 4).

The success of seasonal ensemble, site-specific values of param-
eters in predicting the hourly DO of different days from the corre-
sponding single reference observations illustrates the temporal
robustness of the scaled DO model. To demonstrate further, the
time-series plots of observed and predicted DO for all stations
are presented in Fig. 5. The horizontal axis represents the cumula-
tive seasonal hours assuming midnight of June 8 as the starting
point (i.e., zero hour) for Little Cobb River and midnight of May 1
as the starting point for the other three stations. In Fig. 5, it is
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Fig. 5. Hourly time series of predicted and observed DO concentrations for the four different river sites using site-specific, seasonally ensemble means of model parameters.
The horizontal axis is the cumulative seasonal hours assuming midnight of June 8 for Little Cobb River and midnight of May 1 for the other stations as the starting points (i.e.,
zero hour).

Table 3
Model prediction accuracy (CV(RMSE)), fitting efficiency (NSE), and correlation coefficient (r) of the predicted and observed DO concentrations for different sites obtained with
monthly means of estimated parameters.

Month Whitewater Upper Mississippi Little Cobb SWAN

CV(RMSE) NSE r CV(RMSE) NSE r CV(RMSE) NSE r CV(RMSE) NSE r

May 0.09 0.54 0.81 0.08 0.60 0.96 – – – 0.07 0.83 0.96
June 0.07 0.66 0.90 0.06 0.60 0.99 0.04 0.75 0.91 0.10 0.65 0.95
July 0.05 0.93 0.94 0.06 0.72 0.96 0.07 0.71 0.91 0.10 0.77 0.97
August 0.06 0.84 0.89 0.03 0.91 0.94 0.05 0.65 0.95 0.07 0.90 0.97
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apparent that the magnitude (average and amplitude) of the diur-
nal DO cycle varies substantially among different days even at the
same station (note the drastically different daily cycles for the
Upper Mississippi and Swan sites). Therefore, a harmonic model
without proper scaling cannot predict hourly DO of different diur-
nal cycles with a single set of seasonal parameters. With the scaled
model developed here, the reference observation of each day nor-
malizes and transforms different diurnal cycles into an ideal
dimensionless diurnal cycle (see Fig. 1), and provides comparable
values of each dimensionless parameter among the different days.
The appropriate scaling allowed a set of representative seasonal
estimates of daily parameters for the dimensionless model to rea-
sonably predict hourly DO of different diurnal cycles from the
respective single reference observations.

Using the seasonal (May–August) values of daily parameters,
the scaled model could not entirely predict all observed data
points, particularly the extreme values for the Little Cobb and
Swan river sites (Fig. 5). The mismatch between observations and
predictions of the peaks and troughs is likely caused by the slight
decreasing trends of oscillatory component parameters (i.e., â1,
b̂1, â2, b̂2) over the season (Fig. 3). A monthly ensemble (e.g., mean)
of the daily parameters can incorporate the month-specific
temporal trends more effectively, likely resulting in better model
performance for predicting hourly DO from a single reference
observation of the diurnal cycle in different months.

4.2.2. Using monthly parameter values
Hourly predictions with the monthly parameter values showed

nearly equivalent linear correspondence (r) and slight improve-
ments in overall prediction accuracy (CV(RMSE)), compared to that
with the seasonal parameter values (Tables 2 and 3). However, the
monthly parameter set resulted in stronger model efficiency (high-
er NSEs) for the Little Cobb and Swan river sites. The observed peak
and troughs, which were simulated less accurately with the sea-
sonal set of parameters (Fig. 5d), exhibited a superior level of
agreement between the predictions and observations with the
monthly values of parameters for the Swan River site (not shown).
The monthly sets, however, showed a mixed response for the other
two river stations (Whitewater and Upper Mississippi) where
NSE slightly decreased for May–June and notably increased for
July–August. The overall model performances with parameters of
the two (monthly and quarterly) time-scales were, therefore, nearly
equivalent, reemphasizing the attribute of temporal robustness of
the scaled DO model.
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Fig. 6. Plots of hourly predicted and observed DO concentrations at the Swan River site using seasonal ensemble mean parameters of (a) Whitewater River, (b) Upper
Mississippi River, (c) Little Cobb River, and (d) all stations (i.e., spatiotemporally averaged values). In each plot, circles are the individual data points and solid line is the 1:1
line.
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4.3. Spatiotemporal robustness of model predictions

4.3.1. Using seasonal parameter values from independent sites
The spatiotemporal robustness of the scaled DO model predic-

tions was primarily explored by predicting the hourly DO at each
station using the seasonal (May–August) parameters of the
remaining three, independent sites. For example, the hourly DO
concentrations of different days at the Swan River site were
predicted from the corresponding single reference observations
by using the seasonal parameter sets of the Whitewater, Upper
Mississippi, and Little Cobb sites (Fig. 6a–c). Model predictions
showed reasonable accuracy (CV(RMSE) = 0.13–0.15), superior lin-
ear correspondence with coincident observations and predictions
(r = 0.92–0.95), and low efficiency (median NSE = 0.36–0.43).
Considering the difference and complexity of biogeochemical pro-
cesses and aquatic environments at the four study sites located in
four different ecoregions, the predictions of the diurnal DO cycles
at Swan using parameters of independent sites demonstrate
impressive spatiotemporal robustness of the dimensionless, scaled
model.
4.3.2. Using a quasi-regional set of seasonal parameter values
Spatiotemporal robustness of the scaled DO model was also

investigated using the spatially averaged values of seasonal param-
eters for all stations (the last row in Table 2) to predict the hourly
DO concentrations of different days and sites from their corre-
sponding single reference observations. Predicted DO showed good
accuracy (CV(RMSE) = 0.08–0.14) and strong linear correspon-
dence (r = 0.81–0.94). As an example, the hourly time-series plot
of observed and predicted DO concentration are presented for
the Swan River for a visual comparison of predictions obtained
using the regional parameters (Fig. 6d) and their site-specific coun-
terparts (Fig. 4). The results demonstrate important evidence of
obtaining spatiotemporally robust modeling performance with a
more representative regional parameter set, which can be com-
puted by incorporating observational data for more stations (sub-
ject to availability) to ensure a reasonable spatial coverage.
4.4. Model sensitivity and uncertainty

Model robustness was further investigated by deriving and
quantifying parameter sensitivity and uncertainty measures. The
change in predicted DO concentration for any changes in parame-
ters can be determined by defining computationally inexpensive,
local sensitivity coefficients, which shows both the magnitude
and direction of model response. The dimensionless forms of the
local sensitivity coefficients, Sâ0

, Sâk
, and Sb̂k

(for â0, âk, and b̂k,
respectively) were analytically derived for any day and site from
Eqs. (1), (2), and (4) as

Sâ0
ðtÞ ¼ @DOmodðtÞ

@â0

�
DOref ¼ 1:0 ð5Þ
Sâk
ðtÞ ¼ @DOmodðtÞ

@âk

�
DOref ¼ cosð2pfktÞ � cosð2pfktref Þ ð6Þ
Sb̂k
ðtÞ ¼ @DOmodðtÞ

@b̂k

,
DOref ¼ sinð2pfktÞ � sinð2pfktref Þ ð7Þ

where k ¼ 1;2; . . . ;W refers to the local sensitivity coefficients of
oscillatory component parameters (i.e., Sâ1

, Sb̂1
, Sâ2

, and Sb̂2
for the

two harmonic model) and t refers to a diurnal hour of any day
and site. As apparent in Eqs. (5)–(7), scaling (normalizing) of param-
eter sensitivities by the single reference observations of individual
days led to site and day independent measures of model sensitivity
to any parameters. The sensitivity coefficient for the non-oscilla-
tory, principle parameter (â0) was unity (1.0) for any hour, suggest-
ing a linear (i.e., constant or static) rate of increase (or decrease) in
predicted DO concentration for any change in the parameter. The
model shows non-linear (i.e., dynamic) responses to changes in
the oscillatory component parameters (âk and b̂k) due to the peri-
odic (i.e., sine–cosine) formulation of the corresponding sensitivity
coefficients as a function of diurnal hours (see Fig. S1a of the
Supplemental notes). Sensitivity for the first and second harmonic
sine parameters (â1 andâ2) varied, respectively, from 0 to 2.0 and



656 O.I. Abdul-Aziz, K.S. Ishtiaq / Journal of Hydrology 511 (2014) 648–657
0 to �2.0 among different hours. Intra-day sensitivity for the
corresponding cosine parameters (b̂1 and b̂2) varied from �1.0 to
1.0. The model showed no sensitivity to the oscillatory component
parameters at the reference observation time (12 P.M.) because of
the forcing of the harmonic process (Fourier series) through the
reference observation.

Model uncertainty resulting from uncertainty in the individual,
estimated parameter can be quantified by separately changing
each parameter value by the corresponding standard deviation
(see Table 2). As an illustrative example, the Swan River site is con-
sidered for a unit observation at the reference time (i.e., assume
DOref ¼ 1:0 mg=L). The unit reference observation is chosen
because the reference-time observation (DOref ) varies with different
days; model sensitivity for any day can be obtained by multiplying
the predicted model response for the unit reference value by the
respective reference observation. Based on Eqs. (5)–(7), changing
the seasonal mean value of â0 (0.971) by the standard deviation
(0.066) changed the predicted hourly DO by only 0.066 mg/L. Sim-
ilarly, changing the seasonal means of the first and second har-
monic parameters (â1, b̂1, â2, b̂2) by their corresponding standard
deviations changed the predicted DO by up to 0.094, 0.113,
0.058, and 0.034 mg/L, respectively. However, a more complete
picture of model uncertainty can be obtained by determining the
standard deviation of the predicted DO for simultaneously chang-
ing all random parameters by their corresponding standard devia-
tions. A combined first order uncertainty analysis of the DO model
was performed by using a Taylor series expansion and retaining
only the first-order terms (Mays, 2011); the model standard devi-
ation (rDOmod

) was analytically derived in terms of individual
parameter variances and local sensitivity coefficients as

rDOmod
ðtÞ ¼ DOref r2

â0
S2

â0
þ
XW
k¼1

r2
âk

S2
âk
ðtÞ þ

XW
k¼1

r2
b̂k

S2
b̂k
ðtÞ

" #1=2

ð8Þ

where W ¼ 2 for the two harmonic model; râ0
, râk

, and rb̂k
are the

standard deviations of the model parameters (k ¼ 1;2 for the model
in this study); and t refers to a diurnal hour of any day and site. For
a unit reference observation (DOref ¼ 1:0 mg=L), the predicted
DO for different diurnal hours had a standard deviation between
0.05 and 0.15 mg/L among the study sites (see Fig. S1b of the
Supplemental notes). Overall, the predictions of the scaled DO model
were notably robust for changing the parameters individually, as
well as simultaneously, by their corresponding standard deviations.
5. Discussion

5.1. Predictions without adjustment for model error

Although ESHA allows stochastic treatment of modeling errors
(i.e., model residuals = predicted DO � observed DO) at each hour
of the diurnal cycle, the current application essentially represents
a statistical fitting of the empirical (pseudo-deterministic) model
by minimizing the error term. Abdul-Aziz et al. (2007a) showed
that the ESHA model error for every hour was approximately nor-
mally distributed. The error statistics varied among the daily hours
with zero mean and zero variance at the reference clock-time (12
P.M.) due to forcing of the harmonic process through the refer-
ence-time observation. Stochastic model error for different hours
can be quantified by estimating the corresponding statistics (e.g.,
mean, standard deviation) and added parametrically (e.g., using
the normal distribution) to the current predictions to improve
model accuracy and efficiency. Statistical, pseudo-deterministic
treatment of the current model indicates the ability of the scaled,
dimensionless model to obtain robust predictions without adjust-
ing the harmonic process for the stochastic error term.
5.2. Reference observations of different clock-times in different days/
sites

Aquatic ecosystem health is often assessed by taking grab sam-
ples at different clock-times on different days subject to numerous
sampling constraints (e.g., weather, site accessibility, resources,
transportation, manpower, equipment malfunction). Single refer-
ence observations from different clock-times of different days
should first be converted to that at a standard reference time
(e.g., 12 P.M.) using the algorithm of Abdul-Aziz et al. (2007b).
Hourly DO of each day can then be simulated from the standard-
ized single reference-time observation using the dimensionless,
scaled model and parameters that are estimated a priori with con-
tinuous data from the same or a similar site.

5.3. Single versus multiple reference observations

If multiple reference observations are available at different
clock-times within the same diurnal cycle, they can all be con-
verted to that at a standard reference time using the algorithm of
Abdul-Aziz et al. (2007b) and averaged to derive a representative
single reference-time observation. The corresponding diurnal cycle
can be scaled by the representative reference observation to devel-
op a dimensionless DO model and parameters can be estimated
using the ESHA framework for a single reference observation.
Alternatively, the same day multiple reference-time observations
can directly be incorporated into the scaled model development
by using the ESHA parameter estimation framework for multiple
reference-time observations (see Appendix of Abdul-Aziz et al.,
2007a). Future studies should investigate whether incorporation
of multiple reference-time observations would improve predic-
tions of the scaled DO model.

5.4. Availability of reliable data and limitations of model evaluations

In general, availability of reliable data is crucial for the develop-
ment and evaluations of an empirical model. For example, if the
reference observation represents an outlier due to measurement
errors, it would result in an incorrect scaling of the diurnal DO
cycle, leading to unreliable hourly predictions by the scaled model.
This input data uncertainty was primarily reduced in this study by
selecting sites with availability of good quality DO data. Further,
the minimum and maximum allowable DO thresholds of 1 mg/L
and 25 mg/L (to identify unusually small and large observations,
respectively), as well as a maximum allowable hourly DO change
of 2 mg/L (to detect unexpectedly large hourly variations), were
chosen based on field knowledge and experience of Minnesota
streams; and applied to remove diurnal data sets containing erro-
neous observations (Abdul-Aziz et al., 2007a). Over the study per-
iod (May–August), these filters eliminated no observed diurnal
cycle (i.e., data-day) of the Upper Mississippi River, 1% data-days
of the Little Cobb River, 5% data-days of the Swan River, and 7%
data-days of the Whitewater River from analysis. In retrospect,
removal of few data supports the appropriate choices for the
data-filters. Nevertheless, data-screening thresholds could contrib-
ute limitations to the DO model evaluations as some outliers might
result from actual stream biogeochemical processes.

6. Conclusions

A scaling theory was applied by leveraging an ‘‘extended
stochastic harmonic analysis (ESHA)’’ (Abdul-Aziz et al., 2007a) to
develop a robust, empirical model for simulating the diurnal cycle
of stream DO concentrations from a single reference observation.
Absence of any clear temporal trends or site-specific groupings of
model parameters suggested a useful generalization and robustness
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of the scaled, dimensionless DO model over time and space. High
quality predictions of hourly DO for different days with a single
set of dimensionless parameters for the entire season underscore
the temporal robustness of the scaled DO model. Impressive pre-
dictions using parameters of independent sites, as well as a set of
spatially averaged (i.e., quasi-regional) seasonal parameters, dem-
onstrated spatiotemporally robust model performance.

The analytically derived, dimensionless measures of model sen-
sitivity and uncertainty were dynamic and robust (independent of
days or sites); reaffirming the model robustness to the associated
parameter uncertainties. Investigations of the relationships of
dimensionless model parameters with the watershed, as well as
in-stream, parameters such as area, slope, land use/cover, geome-
try, and sediment characteristics, could provide further insights
into the spatial robustness of the model predictions. Subject to
data availability, this is an important topic for future research.

The empirical DO model exemplifies applicability and elegance
of scaling methods in ecohydrological engineering, specifically for
obtaining spatiotemporally robust predictions of aquatic variables.
Once the model parameters are estimated, the data-driven, robust
model can simulate continuous (e.g., hourly) DO concentration
time-series from a single reference observation at different streams
of comparable watershed sizes without requiring site or day spe-
cific calibrations. The model, therefore, can also act as a gap-filling
method to estimate missing data in observed, continuous time-ser-
ies of DO concentration or similar periodic water quality variables
(e.g., algal biomass). Availability of fine resolution (i.e., high fre-
quency), continuous DO data will facilitate a dynamic assessment
of aquatic ecosystem health using regulatory criteria such as the
total maximum daily load (TMDL).
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